TWO NEW DEFINITIONS ON CONVEXITY AND RELATED 

INEQUALITIES 
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Abstract. We have made some new definitions using the inequalities of Young' 
and Nesbitt'. And we have given some features of these new definitions. Af- 
ter, we established new Hadamard type inequalities for convex functions in the 
Young and Nesbitt sense. 



1. Introduction 

The following definition is well known in the literature: A function / : I — > R, 
7^ I C R, is said to be convex on / if inequality 

(1.1) / (tx + (l-t)y)< tf (x) + (1 - t) f (y) 

holds for all x,y G / and t <E [0,1]. Geometrically, this means that if P,Q and R 
are three distinct points on the graph of / with Q between P and R, then Q is on 
or below chord PR. 

Let / denote a suitable interval of the real line R. A function / : I — s- R is called 
convex in the Jensen sense or J-convex or midconvex if 

(1.2) /(i±i) <m+m 

for all x,y € I. 

Let / :JCK->Kbea convex function and a, b € I with a < b. The following 
double inequality: 

is known in the literature as Hadamard inequality for convex function. Keep in mind 
that some of the classical inequalities for means can come from (|1.3|) for convenient 
particular selections of the function /. If / is concave, this double inequality hold 
in the inversed way. 

In pQ , Pachpatte established two Hadamard- type inequalities for product of con- 
vex functions. 

Theorem 1. Let f,g : [a,b] C R — >• [0, oo) be convex functions on [a,b], a < b. 
Then 

(1.4) f f(x)g(x)dx < hd(a 7 b) + ^N(a, b) 

o — a . L 3 6 
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2/ fir) 9 fir) -bhil f{x)g ( x)dx + b) + b) 

where M(a, b) = f(a)g(a) + f(b)g(b) and N(a, b) = f(a)g(b) + f(b)g(a). 

We recall the well-known Young's inequality which can be stated as follows. 

Theorem 2. (Young's inequality, see |2j 7 p. 117) If a,b > andp,q > 1 satisfy 
| + | = 1, then 

a p b q 

(1.5) ab<— + -. 

p q 

Equality holds if and only if a p = b q . 

Example 1. (Nesbitt's inequality, see [3], p. 37) For a,b, c € R + , we have 
, „n a b c 3 

1-6 T + + r>-. 

b + c a + c a + b 2 

In the following sections our main results are given. We establish two new class 
of convex functions and then we obtain new Hadamard type inequalities. 



2. Young-Convexity and Related Inequalities 



Remark 1. If we take a = and b = t?i in H1.5\) . we have 

l.i.! L 1 



(2.1) l<-tp~ L + 1-- \tv 

P VP/ 

for all t € [0, 1] . 

We now give a new definition of the following using the above remark. 

Definition 1. Let f : I -> [0,oo), ^ / C R, x, y > and p > 1. We say f/iaf 
/ : J C R — > [0, oo) is Young-convex function, if 

(2.2) /(te+(l-t)y) < (i^+^i 1+ ?)/(x) 

\P P J 



+ (^J-(i-t)r P +-r P - 1 (i-t))f(y) 
\ p p J 



for all x, y £ / and t G (0,1]. We denote this by f € Yng(I). If the inequality 
(OOP *s reversed, then f is said to be Young-concave function. Obviously, if we 
take p 1 in A2.2\) . we obtain ordinary convex function in M.l\) . 

Proposition 1. If f E Yng(I), then f is non-negative on [0, oo). 
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Proof. We have, for k G R + 

m - /(l + j) 



P V2 



p- i i nv 



p \2 J p \2 



/(«) 



Thus, (h±± (|) * - l) / («) > and so / («) > 0. □ 

Theorem 3. Lei / : 7 C R — > [0,oo) fee a Young-convex function and p > 1. T7ien 
</ie following inequality holds: 

(2 . 3) ^£ /Wfc <_^_ /W + _^_ /W 

Proof. By the Young-convexity of /, we have that 

/(to + (l-t)tf) < (iti+^— 

VP p / 

(!-*))/(!/) 
P P / 

Integrating both side of inequality above with respect to t on [0, 1], we have 

b 



f(ta + (l-t)b)dt = - / f(x)dx 

b — a 



< /(«)- / t*dt + f(a)l—— / t 1+ pdt 
P Jo P Jo 

+f(b) p — / (l-t)t'dt + f(b)- / *£ _1 (l-t)ctt 
P Jo P Jo 

By computing the above integrals, we obtain 

1 <- p2 + 2p t ( \ j 3p2 ffh\ 

f( x ) dx <l — -TTF^ — TTt/W + T — —TT7^ — 7T\J W 



b-aJ a Jy ' ~ (p+l)(2p + l)' w (p+l)(2p+l)* 
which is the inequality in (j2.3[) . □ 



Remark 2. 7/ we choose p — > 1, in i2.3\) , we obtain right hand side of lll.3\) . 
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Theorem 4. Let f : I C M — > [0, oo) be a Young-convex function and p > 1. TTien 
</ie following inequality holds: 

(2.4) 2i^V a + 5 



p+r V 2 
l ^ 



< 7 / f{x)dx 

o-a J a 

f p(p + 2) p-1 fl+p \ 1/1 \^ ff(a) + f(b) 
Proof. By the Young-convexity of /, we have that 



2 J ~ \p J \2 
If we choose x = ia + (1 — t)b, y = tb + (1 — t)a, we get 

— +1 

(2-5) / < Q + l) Qj P (/ (ta + (1 - t)6) +/(*6+(l- t)aj) . 

for all te [0,1]. Then, integrating both side of (|2.5p with respect to ton [0, 1] , we 
have 

a + b\ (\ \ /1\^ +1 tX 



f I — 1 < I - + I) I - j J (f(ta + (l-t)b) + f(tb+(l-t)a))dt. 

Use of the changing of variable, we have 

p ( a + b\ 1 ' 



which is the hrst inequality in (|2.4[) . 

To prove the second inequality in ()2.4|) . we use the right side of (|2.5j) and using 
Young-convexity of / , we have 



1 






hi 


p 




1 






hi 


p 





1V+ 1 



(/ (ta + (1 - t)b) + f (tb + (1 - t)a)) 



1\* / 1 i p— 1 1+ i p— 1, i 1 i_i 



-l 



VP / V 2 / VP P P P 

Integrating the both side of the above inequality with respect to t on [0, 1], we have 



1 



b — a 



f (x) dx 



~ \(p+l)(l + 2p) p ' \ p J P ' \p' )J\ 2 
Which is the second inequality in (|2.4I) . □ 

Remark 3. If we choose p — > 1, in |^.^[), we obtain the inequality of il.3\) . 
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Theorem 5. Let /,j:/cl-> [0,oo) be Young-convex functions andp > 1. Then 
the following inequality holds: 



(2.6) 



b — a 



f (x) g (x) dx 



< 



1 



p - 1 (p - 1)' 



p(2+p) p(l+p) p(2 + 3p) 



/(a) 3 (a) 



T)H: tI ' 3 ) + ^(? s ) + Mr w|l " t|s(,) 



+ rVM? 2 ) + (V) "0 +2,2 ) + ;"G +1,21 |l "" l " 1 ' ,H 



Proof. Since /, g are Young-convex functions on /, we have 



/ {ta + (l-t)b) < [ -i* 



P —t 1+ ^ ] / (a) + 



L_i(i_ t ) t i + I t i-i /'(//) 



.9 (ta + (1 — t) 6) < 



f-*- + ff (a) + f P — (1 - i) + -t^ 1 (1 - t)") g (b) 

\p p J V p p J 



for all t € (0, 1] . Since / and g are non-negative, 



< 



/(ia+(l-t) 6)ff(io + (l-i) b) 

l£ + P^lt 1+1 A f (a) +(?-!(!- t) t 1 , + It 1 ,- 1 (1 - t)) f (b) 

p p J V p p J 

l t 3 + P—^-t 1 ^) g (a) + ( V — (1 - t) *5 + it?" 1 (1 - t)) g (b) 
P P J ' \ P P J 



— t p H 1 p —IP H 1 p 

P P J \P P 



f{a)g{a) 



+ 
+ 
+ 



P—1. 1 1 1 _1 \\ f P ~ 1 " - i 1 



(l-t)tP +-tp- 1 (l-t) 
P P 



(l-t)tP +-tP^ 1 (l-t) 
P P 



+ P—lt^p) (P—l {1 - t )rp + l -t^ (i - 1) 
p p ) V p p 

'I t i + E^l*^ f £zl (i _ t) t i + I t i-i ( i _ t) 
,p p / V p p 



f (a) 9(b) 
f(b)9(a) 



f(b)g(b) 
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Then if we integrate the both side of the inequality above with respect to t on [0, 1], 
we have 

/ (to + (1 - t) b) g (to + (1 - t) b) 
\P{2 + p) p(l + p) p{2 + 3p) J 

+ f 1 ^" (; + 1.2) + (^)% (| + 2, 2 ) + ^g, 2 ))y (.),(») + / W9 («» . 

By changing of the variables, we obtain the desired result. □ 
Remark 4. //we choose p 1, m H2.6\) , we obtain the inequality of |i.^| ). 

3. Nesbitt-Convexity and Related Inequalities 

Remark 5. J/ we tofce a = t, & = | and c = 1 — t in i ti.o]) . we ftawe 
, , It 2(1 -t) 

/or a/Z i e [0, 1] . 

We now give a new definition of the following using the above remark. 

Definition 2. Let f : I -> [0, 00), ^ I C E, x, y > 0. We say i/icrf / :/ cR-> 

[0,oo) is Nesbitt-convex function, if 

(3.2) 

s , / 2i 2 2i(l-i)\ „, . f2t(l-t) 2(l-i) 2 \ „. . 

/or aZ/ x,y € I and t £ (0, 1] . M^e denote this by f £ Nsb(I). If the inequality i3.2\) 
is reversed, then f is said to be Nesbitt- concave function. 

Remark 6. If we choose t = h, in \3.2\) . we obtain the inequality of il.2\) . 

Theorem 6. Let f : I C R — > [0, 00) be a Nesbitt-convex function. Then the 
following inequality holds: 

(3-3) / (Z±*\ <^~ a f f(.x)dx < In ^ (/ (a) + /(&)) 



Proof. By the Nesbitt-convexity of /, we have that 

r A'' ' H \ . /(*) + /(*/) 



2 / - 2 
If we choose x = ta + (1 — y = tb + (1 — i)a, we get 

(34) f( a + b ) < /( to +( 1 - t ) b ) + /( tb +( 1 - t ) a ) . 
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for all t € [0,1]. Then, integrating both side of the resulting inequality with respect 
to t on [0, 1] , we have 



< 



1 



(/ (ta + (1 - t)b) +f(tb+(l- t)a)) dt. 



Use of the changing of variable, we have 



/ 



< 



1 



f(x)dx, 



< 



b — a 

, we use the right side of 

(f(ta + (l-t)b) + f(tb+{l-t)a)) 
2 

2*(1-*) 2(1 -<) 2 



which is the first inequality in 

To prove the second inequality in 
using Nesbitt-convexity of / , we have 



and by 



f(a) + f(b) 



2t z 
3-2* 



2*(1 - *) 
1 + 2* 



3-2* 



l + 2t 



Integrating the both side of the above inequality with respect to * on [0, 1], we have 



1 



f(x)dx < (3 In 3 - 2) 



b — a 

Which is the second inequality in (|2.4I) 



/(«)+/(&) 



□ 



Theorem 7. Let f,g : I C 

following inequality holds: 



[0, oo) be Nesbitt-convex functions. Then the 



(3.5) 



< 



1 f 
i — / f{x)g(x)dx 
o- a J a 

(lF~^ 1113 ) U{a) 9 {a) + f{b)g{b)) 
95 s 



117 



In 3 



6 



(f(a)g(b) + f(b)g(a)). 



Proof. Since /, g are Nesbitt's-convex functions on 7, we have 



f(ta + (l-t)b) < 
g (ta + (! — *) 6) < 



2t 2 



2t(l - i) 
3 — 2£ ^ 1 + 2* 
2t 2 2*(1 - t) 



/(«) 
5(a) - 



2*(1 — *) 2(1 — *) s 



3-2* 1 + 2* 
for all t £ (0, 1] . Since / and g are non-negative, 
/ (ta + (l-t)b)g (ta + (1 - *) b) 

< 



3-2* 1 + 2* 
2*(1-*) 2(1 -*) 2 



3-2* 



2t 2 



3-2* 
2* 2 



3-2* 



2*(1 - *) 

1 + 2* 
, 2*(1-*) 
1 + 2* 



/(«) + 
5(a) 



2*(1-*) 2(1 -*) 5 



3-2* 1 + 2* 
/2*(1-*) 2(1 -*) 2 



V 3-2* 



1 + 2* 



1 + 2* 



5W 



/(&) 
5(6) 
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Then if we integrate the both side of the resulting inequality with respect to t on 
[0, 1], we have 

(3.6) / f(ta + (l-t)b)g(ta+(l-t)b)dt 



< 



o 

125 147 
117 



In 3 
95 



[/ {a)g(a) + f(b)g(b)) 



In 3 
8 6 



[/ (a) g (b) + f (b) g (a)}. 

By changing of the variables, we obtain the desired result. □ 
Theorem 8. Let /, g : I C M — > [0, oo) be Nesbitt- convex and similarly ordered 
functions. Then the following inequality holds: 



(3.7) 



1 



b — a 



f (x) g (x) dx 



< l n 3 ) (/(a) s (a) +/(&)<? (6)) 

= 0.8802 x M(a, b). 
Proof. Using similar arguments as in the proof of Theorem [7l from (|3.6I) , we can 

write 

/ (ta +{l-t)b)g (ta + (1 - t) b) dt 



< 



< 



125 147 

HZ ln3 - 

8 

125 147 
~6 8~ 

HIln3- 



In 3 

95 

~ T 

In 3 

95 



[f(a)g(a)+f(b)g(b)] 
[f(a)g(b) + f(b)g(a)} 

[f(a)g(a) + f(b)g(b)} 
[f{a)g(a) + f{b)g(b)] 



By changing of the variables, we obtain the desired result. 



□ 
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